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0 Time and frequency quantities
e Frequency domain

e Long-term stability: the variances
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Time and frequency quantities

Outline

0 Time and frequency quantities
@ Notations in the time domain
@ Frequency noise vs Phase noise
@ Measurement in the time domain
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Time and frequency quantities Notations in the time domain
Frequ e vs P ise
ent in the time domain

Introduction

Notations in the time domain

Ideal oscillator

V() V(t) = Vosin[2mupt + ¢]

RIVTT
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Time and frequency quantities Notations in the time domain
qui s Pha

ent in the time doma

Introduction

Notations in the time domain

Ideal oscillator
V(t) Real oscillator

:

V(t) = Vosin 2ot + o(1)]

where ¢(t) is the phase “noise’

i
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Time and frequency quantities

Introduction

Notations in the time domain
V() Ideal oscillator V(t) = Vosin 2ot + ()]

where ¢(t) is the phase “noise”

@ Time error (or phase time) x(1):

V(t) = Vosin [2mug (t + x(1))]

with  x(t) = ;ft) [s]
0]
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Time and frequency quantities ions in the time domain
ncy noise vs Phase noise

easurement in the time domain

Introduction

Notations in the time domain

Ideal oscillator
V(t) Real oscillator

\

V(t) = Vosin 2ot + o(1)]

where (1) is the phase “noise”

@ Time error (or phase time) x(1):

V(t) = Vosin [2mug (t + x(1))]

with  x(t) = ;ft) [s]
0]

@ twaen =10h 10 min 37 s
@ ler =10h11min16s
° = x(t)=-39s
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Time and frequency quantities ations in the time domain
noise vs Phase noise
ement in the time domain

Phase and frequency noise

V(t) = Vosin[2ruot + (1))

@ Instantaneous frequency v(t):
V(t) = Vosin[2rv(t){]

A dlerwotre®] T de®)

with V(t):27r dt ro 2r dt
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Time and frequency quantities ations in the time domain
noise vs Phase noise
ent in the time domain

Phase and frequency noise

V(t) = Vosin[2ruot + (1))

@ Instantaneous frequency v(t):
V(t) = Vosin[2rv(t){]

1 d[2mut+(t)] . 1 de(l)
o dt T o Tt [Hz]

@ Frequency noise Ay (t):

with v(t) =

dL(t) [Hz]

1
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Time and frequency quantities Notations in the time domain
Frequency noise vs Phase noise
Measurement in the time domain

Phase and frequency noise

V(t) = Vosin[2ruot + (1))

@ Instantaneous frequency v(t):
V(t) = Vosin[2rv(t){]

1 d[2mut+(t)] . 1 de(l)
o dt T o Tt [Hz]

@ Frequency noise Ay (t):

with v(t) =

Av(t) = ;—ﬂ_dﬁigt) [Hz]

@ Frequency deviation y(t):

Av(t) 1 dp(t)

y(t) - 140 N 27TI/0 df

[dimensionless]
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Time and frequency quantities Notations in the time domain
Frequency noise vs Phase noise

Measurement in the time domain

Frequency noise vs Phase noise

Phase and frequency noise: 2 representations of 1 phenomenon J
x(f) = o(t)
27{'1/0 dX(t)
(1) = 1 dy(t)
Y= 2myy  dt
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Time and frequency quantities Notations in the time domain
Frequency noise vs Phase noise
Measurement in the time domain

Frequency noise vs Phase noise

Phase and frequency noise: 2 representations of 1 phenomenon )

x(f) = o(t)

271'1/0 dX(t)
(1) = 1 dy(t)

Y= 2myy  dt

A fundamental difference: J
@ ¢(t) and x(t) are instantaneous y samd =
k sam

@ Av(t) and y(t) have to be averaged
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Time and frequency quantities

Frequency noise vs Phase noise

Notations in the time domain
Frequency noise vs Phase noise
Measurement in the time domain

Phase and frequency noise: 2 representations of 1 phenomenon

x(f) = o(t)
27('1/0 dX(t)
(1) = 1 de(t)
Y= 2myy  dt
A fundamental difference:
@ ¢(t) and x(t) are instantaneous e samd =
 sam|

@ Av(t) and y(t) have to be averaged
Example of a -counter:

1 f+T
Vi = / y(t)dt

T t
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Time and frequency quantities

Frequency noise vs Phase noise

Notations in the time domain
Frequency noise vs Phase noise
Measurement in the time domain

Phase and frequency noise: 2 representations of 1 phenomenon

x(f) = o(t)
27('1/0 dX(t)
(1) = 1 de(t)
Y= 2myy  dt
A fundamental difference:
@ ¢(t) and x(t) are instantaneous e samd =
 sam|

@ Av(t) and y(t) have to be averaged
Example of a -counter:

T T

t
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Time and frequency quantities s in the time doma
Frequency noise vs Phase noise
Measurement in the time domain

Phase-time measurements: the time interval counter

Measure the time between J
| irterval |
chanrel 1 tatedgeandlevel | X(E) |
@ the rising edge of the DUT signal e \ ‘ |
|
@ the rising edge of the reference signal Vo et ' |
|
|
[

stop counter

i ch.2
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Time and frequency quantities Notations in the time domain
Frequency noise vs Phase noise
Measurement in the time domain

Phase-time measurements: the time interval counter

stop counter

Conversion to frequency deviation: yj = X(t7)=x(i) J e

Measure the time between J
| irterval |
chanrel 1 tatedgeandlevel | X(E) |
@ the rising edge of the DUT signal e \ ‘ |
|
@ the rising edge of the reference signal Vo et ' |
|
|
[

ch.2

@ Available sampling rate: several MSample/s
@ Needs: 7 ~1 sl
= Possible to ‘shape’ the yx by weighted average:

I counter ~ A counter ) counter
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Time and frequency quantities Notations in the time domain
Frequency noise vs Phase noise
Measurement in the time domain

Phase-time measurements: the time interval counter

stop counter

Conversion to frequency deviation: yj = X(t7)=x(i) J e

Measure the time between J
| irterval |
chanrel 1 tatedgeandlevel | X(E) |
@ the rising edge of the DUT signal e \ ‘ |
|
@ the rising edge of the reference signal Vo et ' |
|
|
[

ch.2

@ Available sampling rate: several MSample/s
@ Needs: 7 ~1 sl
= Possible to ‘shape’ the yx by weighted average:

T counter A counter Q counter
best rejection of the white phase noise
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Time and frequency quantities Notations in the time domain
Frequency noise vs Phase noise
Measurement in the time domain

Phase-time measurements: the time interval counter

Measure the time between J

| iterval

channel 1 gt edge andlevel | X(t)
(trigger) L

@ the rising edge of the DUT signal
@ the rising edge of the reference signal

s ch.1
Mo start
counter

SN}

X(te+7)—x(
T

Conversion to frequency deviation: yx =

@ Available sampling rate: several MSample/s
@ Needs: 7 ~1 sl
= Possible to ‘shape’ the yx by weighted average:

charne! 2 stop edge and level
(trigoer)

Other measurements and
methods l

Frequency counter, phasemeter,
il L |- R beat-note method, frequency
[T counter A counter Q1 counter comb (optical domain). ...
best rejection of the white phase noise
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Frequency domain

Outline

e Frequency domain
@ Notations in the frequency domain
@ Short-term stability: the phase noise
@ Noise model
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Notations in the frequency domain
Frequency domain Short-term stability: the phase noise
Noise model

Notations in the frequency domain

Power Spectral Densities (PSD) J

@ Fourier Transform (finite energy):
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Notations in the frequency
Frequency domain Short-term stability: the ph:;
Noise model

Notations in the frequency domain

Power Spectral Densities (PSD) J

@ Fourier Transform (finite energy):

o(f) = / e dt [

@ Energy Spectral Density (finite energy):
2

(N = ] [ eweerta s

— 00
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Notations in the frequency domain
Frequency domain Short- n stability: the phase noise
Noise model

Notations in the frequency domain

Power Spectral Densities (PSD)

@ Fourier Transform (finite energy):

o(f) = / e dt [

— 00

@ Energy Spectral Density (finite energy):

+00 _ 2
o= [ ewerte ()
@ Power Spectral Density (finite power):
1 +T/2 ) 2
S.(f) = ! / S(t)e 2t
T —-T/2

[s] = [Hz]
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Notations in the frequency domain
Frequency domain Short- n stability: the phase noise
Noise model

Notations in the frequency domain

Power Spectral Densities (PSD)

@ Fourier Transform (finite energy):

o(f) = / e dt [

@ Energy Spectral Density (finite energy):
2

(N = ] [ eweerta s

— 00

@ Power Spectral Density (finite power):

+T/2 )
/ o(t)e 2 dt
—-T/2

2
> [s] = [Hz]
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Notations in the frequency domain
Frequency domain Short- n stability: the phase noise
Noise model

Notations in the frequency domain

Power Spectral Densities (PSD)

@ Fourier Transform (finite energy):
+o0o )
o= [ ety at g
@ Energy Spectral Density (finite energy):

2
[s%]

2
>] [s] = [Hz]

“+o0 .
o(f)F = ] | et

— 00

@ Power Spectral Density (finite power):

+T/2 )
/ o(t)e 2 dt
—-T/2
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Notations in the frequ main
Frequency domain Short-term stability: the phase noise
Noise model

Short-term stability: the phase noise

The one-sided PSD J
o(t) is real

Ilp(l =0 &  Sy(f) = Sp(—f)
Definition of the “one-sided” phase Power Spectral density S, (f)'®:

S,(f)1S =2S,(f)25 iff>0
S, (f)1S=0 iff<0
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Notations in the frequency domain
Frequency domain Short-term stability: the phase noise
Noise model

Short-term stability: the phase noise

The one-sided PSD J
o(t) is real

Ilp(l =0 &  Sy(f) = Sp(—f)
Definition of the “one-sided” phase Power Spectral density S, (f)'®:
S,(f)1® =28,(f)?° iff>0
S,(H'S=0 if f<O
Units on log-log plots J
10logy [S,(f)] is expressed in dB/Hz
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Notations in the frequency domain
Frequency domain Short-term stability: the phase noise
Noise model

Short-term stability: the phase noise

The one-sided PSD J
o(t) is real

Ilp(l =0 &  Sy(f) = Sp(—f)
Definition of the “one-sided” phase Power Spectral density S, (f)'®:
S,(f)1® =28,(f)?° iff>0
S,(H'S=0 iff<0
Units on log-log plots J
10logy [S,(f)] is expressed in dB/Hz

L(f), a survival from the past J

In many data shets, one finds

L(f) = 10logq %Sg,(f) is expressed in dBc/Hz
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Notations in the frequency domain
Frequency domain Short-term stability: the phase noise
Noise model

Relationships between PSD

Time error PSD: Si(f) J
_ () _ 1
° x(t) = T = S«(f) = 422 S, (f)

@ Dimension: [s%] = [Hz?]
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Notations in the frequency domain
Frequency domain Short-term stability: the phase noise
Noise model

Relationships between PSD

Time error PSD: Si(f) )
_ () _ 1
° x(t) = T = S«(f) = 422 S, (f)

@ Dimension: [s%] = [Hz?]

Frequency deviation PSD: S, (f) J
1 dy(t) P
° y(t) = Srve Ot = Sy(f) = : Sy (f)
o y(t) = d)é(tt) = S, (f) = 4722 S,(f)

@ Dimension: [s] = [Hz ]
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Notations in the frequency domain
Frequency domain Short-term stability: the phase noise
Noise model

Noise model

The power law noise model J

+2
Sy(f) = Z ho f* « integer

a=—2
[ Sy(f) | S,(F) | Noise type \ Origin |
h_of=2 | b_4f—* | Random Walk Freq. Mod. Environment
h_1f 7] b_gf 3 Flicker EM. Resonator
ho b_of2 White F.M. Thermal noise
hif b_{f 7 Flicker Phase Mod. Electronic noise
hof? by White P.M. External white noise
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Frequency domain

White FM vs Random Walk FM

Frequency deviation: y,

Frequency deviation: y,
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PSD: §,(f) [Hz ]
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Notations in the frequel
Frequency domain Short-term ility: the phase noise
Noise model

Phase noise measurement

-60

L(f), dBc/Hz DRO100, 10 GHz DRO
-70 Spectrum © Synergy Microwave Corp.
_80 Editing & comments by E.R.

-90
-100 oscillator

-110 (measured)
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-150 b\] i
1Sy = inin
LT ﬁ = 1012 susta am

-160 —
-170

i
|
¢
!
i
|
]
-180 i
1000 10000 100000 1000000

10000000

fo =100 kHz £, =3.75 MHz

Courtesy of Ulrich L. Rohde, Synergy Microwave Corporation
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The Allan variance (AVAR)
Otk
Long-term stability: the variances ac se of the Allan variance

Outline

Q Long-term stability: the variances
@ The Allan variance (AVAR)
@ Other variances
@ Practical use of the Allan variance
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The Allan variance (AVAR)

Long-term stability: the variances u llan variance

A statistical estimator

as well as a spectral analysis tool

@ Definition of the true variance: y

P(r) = (7 — 0)?)

){(
¥ samples

@ Estimation of the true variance: ) t

N
_ I
o?(N,7) = _12 ;yj ¢ L
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The Allan variance (AVAR)

Long-term stability: the variances u llan variance

A statistical estimator

as well as a spectral analysis tool

@ Definition of the true variance: y

P(r) = (7 — 0)?)

){(
¥ samples

@ Estimation of the true variance:
[
(N T 1 Z y/ Nzyl ¢ E

@ The Allan variance (2-sample variance):

0;2/(7'): o?(2,7) = Z }_’i—é Y
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The Allan variance (AVAR)

Long-term stability: the variances us 3 variance

A statistical estimator

as well as a spectral analysis tool

@ Definition of the true variance: y

P(r) = (7 — 0)?)

){(
¥ samples

@ Estimation of the true variance:

o?(N,7) = 12 y,fﬁ T

z
]
-
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The Allan variance (AVAR)

Long-term stability: the variances us 3 variance

A statistical estimator

as well as a spectral analysis tool

@ Definition of the true variance: y

P(r) = (7 — 0)?)

@ Estimation of the true variance:

){(
¥ samples

z
]
-

(N T 1 Z y/ — N 4 T
@ The Allan variance (2-sample variance)
2 2 2 () stands for
o 5 _ 1 _
oy(1) = (0%(2,7)) = Z Yi—52. Y @ ensemble average
i=1 j=1

@ time average
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Long-term stability: the variances

A statistical estimator

as well as a spectral analysis tool

The Allan variance (AVAR)

e Allan variance

@ Definition of the true variance:

P(r) = (7 — 0)?)
@ Estimation of the true variance:

1 1
2 _ . LY,
U(N7T)_N_1 . yl Nzy

F. Vernotte
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¥ samples

() stands for:

@ ensemble average
@ time average

@ = convolution...
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The Allan variance (AVAR)
O
Long-term stability: the variances u llan variance

A spectral analysis tool

as well as a statistical estimator

Convolution in the time domain. .. )
_thy(
+o00 2 1N2 1
o3(r) = [ y(t)hy(t — t)dt
e .
—1
h,(t) = — if —7>t<0
i y( ) \@17 - 112
=1/N
with hy(t):% if  0>t<r !
T
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Long-term stability: the variances

A spectral analysis tool

as well as a statistical estimator

Convolution in the time domain. .. ) h(t)
| y
+o00 2 1N2 1
o%(r) = <[ V(O - 0t > |
— 0 =T
h(t) = —  if >t<0 '
= - <
ith ’ \{217 1 R 112
wit . -1N2t
h,(t) = if 0>t<
Y( ) \/ET = T
hy(t)=0  else H, (P
1
... filtering in the frequency domain J

B = [ SR

with K, ()° = IFT () = 257 071

(mrf)? 0 T o 3
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Long-term stability: the variances

Link between noise levels and variance responses

1e-10 68 % conﬁde:vc;ewrr;tergg/le ——
. » o 526181
5 o sin” (w7f) _
=2 ho ¢ ———==df g
G2 [ et
fy is the high cut-off frequency 1e-13 \* e
10 100 Inle;zs‘in o [IS(])OOO 100000
Sy(f) H h,zf_z ‘ h,1f_1 ‘hofo‘ h+1f+1 ‘h+2f+2
2n2h_oT ‘ ‘ ho [1.04 4+ 3In(27fp7)] hy1 | Bhyofy
2 emN_o7T o + +
7(7) H 3 | 2n@h | 5 4272 427

F. Vernotte Concepts et Outils de la Métrologie Temps-Fréquence
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Long-term stability: the variances a 2 Allan variance

Link between noise levels and variance responses

1e-10 68 % conﬁde:vc;ewrr;tergg/le ——
. » o 526181
5 sin”(w7f) _
=2 hof¢ ————=df =
G2 [ et
fy is the high cut-off frequency 1e-13 \* e
10 100 Inle;zs‘in o [ls(])OOO 100000
Sy(f) H h,zf_z ‘ h,1f_1 ‘ hofo ‘ h+1 ft1 ‘ h+2f+2
2m°h_oT h [1.04 4+ 3In(27fy7)] h 3hof
2 2 0 h 1 +2Th
7y(7) H 3 2In(2)h-1 2r 4272 4n2r2

and o2(7) = %01272 for a linear frequency drift: y(t) = D;t
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J
A Vi
=379 To-Steps moving average
»T0 | t
Allan variance without overlapping J
A Vi
T =31
»T0 | t
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J
A Vi
=379 To-Steps moving average
»T0
i E
Allan variance without overlapping J
A Vi
T =31
»T0 | t
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J
A Vi
=379 To-Steps moving average
»T0
gl ’
Allan variance without overlapping J
A Vi
T =31
»T0 | t
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J
A Vi
=379 To-Steps moving average
»T0 | t
Allan variance without overlapping J
A Vi
T =31
»T0 | t
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J
A Vi
=379 To-Steps moving average
»T0
i E
Allan variance without overlapping J
A Vi
T =31
»T0 | t
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J
A Vi
=379 To-Steps moving average
»T0
i E

Allan variance without overlapping J
A Vi
T =31
»T0< | t

\

L
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J
A Vi
=379 To-Steps moving average
»T0 ] t
Allan variance without overlapping J
A Vi
T =31
»T0 | t

Distrib. Sécur. du Temps et Systemes Spatiaux 2024 F. Vernotte Concepts et Outils de la Métrologie Temps-Fréquence



The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J
A Vi
=379 To-Steps moving average
»T0 ]
Al E

Allan variance without overlapping J
A Vi
T =31
»T0< | t

\

L
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J
A Vi
=379 To-Steps moving average
»T0
Fiai i R
Allan variance without overlapping J
A Vi
T =31
»T0 | t
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J
A Vi
=379 To-Steps moving average
»T0
|_|_|_'—|_|'_ TW d
Allan variance without overlapping J
A Vi
T =31
»T0 | t

Distrib. Sécur. du Temps et Systemes Spatiaux 2024 F. Vernotte Concepts et Outils de la Métrologie Temps-Fréquence



The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J
A Vi
=379 To-Steps moving average
»T0
|_|_|_'—|_|'_ WI d
Allan variance without overlapping J
A Vi
T =31
»T0 | t
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J

T=31 — To-Steps moving average

e [T
i

—

Allan variance without overlapping J
A Vi
T =31
»T0< | t

gt '
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J

A Yk —
T=31 — To-Steps moving average

- [T

—

Allan variance without overlapping J
A Vi
T =31
»T0< | t

gt '
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J
A Vi _
=379 — To-Steps moving average
- AT
gt} -
Allan variance without overlapping J
A Vi
T =31
»T0 | t
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J
A Vi _
=379 — To-Steps moving average
»T0<
il t
Allan variance without overlapping J
A Vi .
7 =37 Shifted by 7-steps :
=310« Yi=(h+y2tys)/3
»T0< | t
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J
Vi - .
T =387 - To-Steps moving average
»T0
L t
Allan variance without overlapping J
Vi 4 Shifted by -steps :
T =970 =380 Y1 = (Yi+}+¥s)/3
»T0 || t

T |
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J
Vi - .
T =387 - To-Steps moving average
»T0
L t
Allan variance without overlapping J
Vi Shifted by 7-steps :

7 =379 T=3n & \_/1 = (V1+y2+¥3)/3
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J
Vi - .
T =387 - To-Steps moving average
»T0
L t
Allan variance without overlapping J
Vi Shifted by 7-steps :

T =31

sial TW !

T=3n ¢ Yi=(J1+y+7s)/3
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J
Vi - .
T =387 - To-Steps moving average
»T0
L t
Allan variance without overlapping J
Yk — Shifted by T-steps :

T =31 —

sial TW !

T=3n ¢ Yi=(J1+y+7s)/3
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Allan variance with or without overlapping

Allan variance with overlapping J
Vi - .
T =387 - To-Steps moving average

Benefits and drawbacks :
@ lower dispersion

»T0
-
‘ w @ more correlated estimates

Allan variance without overlapping J
Vi — Shifted by 7-steps :

7 =379 in T=3n & \_/1 = (V1+y2+¥3)/3

»T0 T t Benefits and drawbacks :

w > @ less correlated estimates
‘ @ higher dispersion
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The Allan variance (AVAR)
Ofl
Long-term stability: the variances of the Allan variance

Allan variance versus Allan deviation

Physical meaning )
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O es
Long-term stability: the variances of the Allan variance

The Allan variance (AVAR)

Allan variance versus Allan deviation

Physical meaning J

At
@ 0y(7) = —

Ex.:Csclock o,(r =1day)=10""" = At~10"".10°=10"%=1 nsover 1 day
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The Allan variance (AVAR)
Other var es

Long-term stability: the variances Practical of the Allan variance

Allan variance versus Allan deviation

Physical meaning J

At
@ 0y(7) = —

Ex.:Csclock o,(r =1day)=10""" = At~10"".10°=10"%=1 nsover 1 day

® oy(1)= Af (during 1)
1%0}
Ex.: H-Maser @ 100 MHz o, (7 = 1h) =10"" = Af~10""*.108 =108 =1uHzover 1 h
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The Allan variance (AVAR)
Other variances

Long-term stability: the variances Practical use of the Allan variance

Allan variance versus Allan deviation

Physical meaning J

At
@ 0y(7) = —

Ex.:Csclock o,(r =1day)=10""" = At~10"".10°=10"%=1 nsover 1 day

® oy(1)= Af (during 1)
1%0}
Ex.: H-Maser @ 100 MHz o, (7 = 1h) =10"" = Af~10""*.108 =108 =1uHzover 1 h

Benefits and drawbacks J

@ Easy to interpret
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The Allan variance (AVAR)
Other variances

Long-term stability: the variances Practical use of the Allan variance

Allan variance versus Allan deviation

Physical meaning J

At
@ 0y(7) = —

Ex.:Csclock o,(r =1day)=10""" = At~10"".10°=10"%=1 nsover 1 day

® oy(1)= Af (during 1)
1%0}
Ex.: H-Maser @ 100 MHz o, (7 = 1h) =10"" = Af~10""*.108 =108 =1uHzover 1 h

Benefits and drawbacks J

@ Easy to interpret @ Biased
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The Allan variance (AVAR)
Other variances

Long-term stability: the variances Practical use of the Allan variance

Allan variance versus Allan deviation

Physical meaning )

At
@ 0y(7) = —

Ex.:Csclock o,(r =1day)=10""" = At~10"".10°=10"%=1 nsover 1 day

® oy(1)= Af (during 7)
1%0}
Ex.: H-Maser @ 100 MHz oy(7 = 1h) =10~ = Af~10""4.108 =106 = 1uHz over 1 h

Benefits and drawbacks J

@ Easy to interpret @ Biased

curves, always use the Allan variance!
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

The most widely used variances
@ The Hadamard variance (Picinbono):

) = £ (T + 27 - )P

_ 8 sin®(nrf)

N = 5t
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

The most widely used variances
@ The Hadamard variance (Picinbono):

) = £ (T + 27 - )P

§sin6(777f)
3 (n7f)2

|Hu(f)? =

@ The modified Allan variance (MVAR):

woarr) = ( (35 y)>

sin®(w7f)
(m7f)2n2 sin®(wrof)

Hu()* =
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

The most widely used variances
@ The Hadamard variance (Picinbono):

) = £ (T + 27 - )P

8 sin®(nrf)
3 (n7f)2
@ The modified Allan variance (MVAR): recommended with A counters

woasr) = ( (535 y)>

sin®(w7f)
(m7f)2n2 sin®(wrof)

|Hu(f)? =

Hu()* =
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

The most widely used variances
@ The Hadamard variance (Picinbono):

) = £ (T + 27 - )P

§sin6(777f)
3 (n7f)2

|Hu(f)? =

@ The modified Allan variance (MVAR): recommended with A counters

woasr) = ( (535 y)>

sin®(w7f)
(x7f)2n2 sin®(w7of)

Hu()* =

2
o The time variance (TVAR):  o2(7) = %Modo—f,(f).

Distrib. Sécur. du Temps et Systemes Spatiaux 2024 F. Vernotte Concepts et Outils de la Métrologie Temps-Fréquence



The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

The most widely used variances
@ The Hadamard variance (Picinbono):

) = £ (T + 27 - )P

§sin6(777f)
3 (n7f)2

|Hu(f)? =

@ The modified Allan variance (MVAR): recommended with A counters

woasr) = ( (535 y)>

sin®(w7f)
(x7f)2n2 sin®(w7of)

Hu()* =

2
@ The time variance (TVAR): o2(r) = %Modo—f,(f). Recommended for time
applications
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Long-term stability: the variances

Responses of the variances

The Allan variance (AVAR)
Other variances
Practical use of the Allan variance

Sy(f) af() Modo7(7) o5 (7)
(s=Hz™")
ath .8
h_4f74 % - -
n(2)—321In(3)]w2h_3572
h_af-3 271(2) 32 nr’h. ] ]

_ m2h_oT 1172h_p7 1172h_p7°
h_of~2 3 20 50
hof1 [81n(2)—3 In(3)]h_; [271n(3)—32In(2)lh_1 | [27In(3)—32In(2)]h_;

—1 2 8 2472

h h hot

of® b o e
[ sl 5[0,964+In(77fn)] hit [241n(2)—9In(3)]hi1 [81n(2)—3In(3)]hi1

+1 672712 8m2r2 872

I el i
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Time Interval Error

i TIE )
Lo The Time Interval Error (TIE) is
§ L mopaen . the difference between the ex-
‘%: trapolation of the clock model

40 and the clock state at a given

‘:/ time.

0 5000 10000 15000 20000 25000 30000 35000 40000
/s

0 P\ i)
10
2
B o
g
| . "
S g . imerpolation
8
&
40
50
60

0 G000 10000 15000 20000 25000 30000 35000 40000
s
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Time Interval Error

280
20 TIE ] -
240
Lo The Time Interval Error (TIE) is - :
§ e . the difference between the ex- ﬂ\
£ o trapolation of the clock model " .
0 and the clock state at a given .
] time. ’
10 0 5000 10000 15000 ZDVDBDO 25000 30000 35000 40000
" ; MTIE J
0
W The Maximum Time Interval Er-
i . ror (MTIE) can be computed
s <o L_imeposton from TDev and the type of noise.
“ F. Vernotte, J. Delporte, M. Brunet, and T. Tournier. Uncertainties j'*»».__\:\\\\\
* of drift coefficients and extrapolation errors: Application to clock o ; o
o a0 100w 1000 20000 25000 30000 35000 40000 error prediction. Metrologia, 38(4):325-342, 2001. R 5 R TR e——
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Long-term stability: the variances Practical use of the Allan variance

Basic interpretation of an Allan variance curve (l)

10-22 L L L L L L L Lo L Lo L
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10723

T

£ 1024 +
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i
N
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I
+
+
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Allan variance 0,2

+
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T

10728

1029 : ‘ ‘ ‘ ‘ ‘
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Integration time T (s)
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Long-term stability: the variances Practical use of the Allan variance

Basic interpretation of an Allan variance curve (l)

| 1 asymptote i
1023 Flicker floor

-
e
n
=
Ll
T

r
NO>
8 10-25 - :7
c
g i \‘\\ |
S -26_| |
c;s 10 ] L L
c <+
(] - < =
< 1027+ t_+ . L
1028 L
4 \,
1029 ‘ ‘ ‘ ‘ ‘ 4l
100 10! 102 103 104 10° 108

Integration time T (s)
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Long-term stability: the variances Practical use of the Allan variance

Basic interpretation of an Allan variance curve (l)

L L L ‘ L
5102 1 asymptote
Flicker floor =
NO> B
g 10 2
c
g i \‘\\ |
S 1026 [
c;s 10 ] L L
c +
© i -28 - L
2 1027 410 + 4+ . B
1028 L
il \,
1029 : : : : ‘ A
100 10! 102 108 104 105 108

Integration time T (s)
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The Allan
Other es
Long-term stability: the variances Practical use of the Allan variance

Basic interpretation of an Allan variance curve (ll)

Remember. ..
Sy(f) H h_gf_2 ‘ h_1f_1 ‘ hofo ‘ h+1 ft ‘ h+2f+2
2’/T2h_27' ho [104+3|n(27rfh7)]h 1 3h,ofy,
2 e N_aT Mo + +
7y(7) H 3 2In(2)h- 27 4r272 4r2r2
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The Allan
Other es
Long-term stability: the variances Practical use of the Allan variance

Basic interpretation of an Allan variance curve (ll)

Remember. ..
Sy(f) H h_gf_2 ‘ h_1f_1 ‘ hofo ‘ h+1 ft ‘ h+2f+2
2’/T2h_27' ho [104+3|n(27rfh7)]h 1 3h,ofy,
2 en =2 o + +
oy(7) H 3 2In(2)h- 27 4272 4272

e 7' asymptote: =  white FM noise
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The Allan
Other es
Long-term stability: the variances Practical use of the Allan variance

Basic interpretation of an Allan variance curve (ll)

Remember. ..
Sy(f) H h_gf_2 ‘ /’),17‘71 ‘ hofo ‘ h+1 ft ‘ h+2f+2
2’/T2h_27' ho [104+3|n(27rfh7)]h 1 3h,ofy,
2 en =2 o + +
oy(7) H 3 2In(2)h—1 27 4272 4272

o 7' asymptote: =  white FM noise
o 70 asymptote: = flicker FM noise (f~' FM)
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Long-term stability: the variances Practical use of the Allan variance

Basic interpretation of an Allan variance curve (lll)

Spectral analysis J

e 7' asymptote: = white FM noise
65.10-8-1 =10 _ hg=13-10"%2s
2T
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The Allan
Other variances
Long-term stability: the variances Practical use of the Allan variance

Basic interpretation of an Allan variance curve (lll)

Spectral analysis J

e 7' asymptote: = white FM noise
65.10-8-1 =10 _ hg=13-10"%2s
2T

o 70 asymptote: = flicker FM noise (f~' FM)
4.10-28
410 20y > hoy = o = 2910
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The Allan
Other variances
Long-term stability: the variances Practical use of the Allan variance

Basic interpretation of an Allan variance curve (lll)

Spectral analysis J

e 7' asymptote: = white FM noise
65.10-8-1 =10 _ hg=13-10"%2s
2T

o 70 asymptote: = flicker FM noise (f~' FM)
4.10-28
410 20y > hoy = o = 2910

= S)(f)=13-10724+29-1078f's
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Basic interpretation of an Allan variance curve (lll)

Spectral analysis J

e 7' asymptote: = white FM noise
65.10-8-1 =10 _ hg=13-10"%2s
2T

o 70 asymptote: = flicker FM noise (f~' FM)
4.10-28
. —28 = = —_— — . —28
410 20y > hoy = o = 2910

= S)(f)=13-10724+29-1078f's

Time stability estimation J

oy(r) = V6.5-10-87-1 + 4.10-28
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Basic interpretation of an Allan variance curve (lll)

Spectral analysis J

e 7' asymptote: = white FM noise
65.10-8-1 =10 _ hg=13-10"%2s
2T

o 70 asymptote: = flicker FM noise (f~' FM)
4.10-28
. —28 = = —_— — . —28
410 20y > hoy = o = 2910

= S)(f)=13-10724+29-1078f's

Time stability estimation J

oy(r) = V6.5-10-87-1 + 4.10-28

e r<iday: oy(r)~8- 10-127-1/2
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The Allan variance (AVAR)
Other variances
Long-term stability: the variances Practical use of the Allan variance

Basic interpretation of an Allan variance curve (lll)

Spectral analysis

e 7' asymptote: = white FM noise
65.10-8-1 =10 _ hg=13-10"%2s
2T

o 70 asymptote: = flicker FM noise (f~' FM)
4.10-28
. —28 = = —_— — . —28
410 20y > hoy = o = 2910

= S)(f)=13-10724+29-1078f's

Time stability estimation

oy(r) = V6.5-10-87-1 + 4.10-28

e r<1lday: o,(r)~8-10"12771/2
e 7>1day: oy(r)~2-107™
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The Allan variance (AVAR)

Otk s
Long-term stability: the variances Practical use of the Allan variance

Basic interpretation of a TDev curve

108 ——nnl il caenl i sl il
1 12 asymptote i
1 1+12 asymptote :
] T asymptote »
B ] I
& 109 4 3
C ] n
.2 ] [
5 1 i
>
3 ]
©
® 1010 | L
g107 7 z
— ] L
10711 ) ] AN A RN
100 10! 102 108 10* 10° 108

Integration time T (s)
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The Allan variance (AVAR)

Otk s
Long-term stability: the variances Practical use of the Allan variance

Basic interpretation of a TDev curve

108 ——nnl il caenl i sl il
1 12 asymptote i
1 1+12 asymptote :
] T asymptote »
B ] I
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3 ] I
©
® 1010 | L
g107 7 z
— ] L
10711 ) ] AN A RN
100 10! 102 108 10* 10° 108

Integration time T (s)

Distrib. Sécur. du Temps et Systemes Spatiaux 2024 F. Vernotte Concepts et Outils de la Métrologie Temps-Fréquence



The Allan variance (AVAR)
Othel
Long-term stability: the variances Practical use of the Allan variance

Softwares for frequency stability estimation

@ For windows: Stable 32 (W. Riley, M. Danielson, V. Dwivedi)
Graphical interface, proprietary code, no longer maintained (currently)
http://www.stable32.com/, https://github.com/IEEE-UFFC/stable32

@ For unix and macOS: SigmaTheta (F. Vernotte, F. Meyer, A. Kinali, B. Dubois, J.M.
Friedt, C. Plantard, P.Y. Bourgeois)
Collection of many chainable C-modules to build scripts, open source
https://gitlab.com/sigmathetal/

@ For python (cross-platform): AllanTools (A. Wallin, D. Price, C. Carson, F.
Meynadier, Y. Xie, E. Benkler)
Many python functions, open source
https://pypi.org/project/AllanTools/, https://github.com/aewallin/allantools
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Long-term stability: the variances Practical use of the Allan variance
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